Abstract. -In the present paper, we discuss the field-theoreticity of homomorphisms between the multiplicative groups of number fields. We prove that, for instance, for a given isomorphism between the multiplicative groups of number fields, it holds that either the given isomorphism or its multiplicative inverse arises from an isomorphism of fields if and only if the given isomorphism is SPU-preserving [i.e., roughly speaking, preserves the subgroups of principal units with respect to various nonarchimedean primes].
Introduction
In the present paper, we discuss the field-theoreticity of homomorphisms between the multiplicative groups of fields. Let us consider the following problem.
For a homomorphism α :
• k × → • k × between the multiplicative groups of fields
• k and • k, when does the homomorphism α arise from a homomorphism of fields
• k → • k ? In other words, when is the additive structure of
• k compatible with the additive structure of • k relative to the homomorphism α?
How can one understand the additive structure of a field by the language of the multiplicative structure of the field? Now let us recall the following consequence of "Uchida's lemma" [reviewed in [1] , Proposition 1.3] that is implicit in the argument of [4] , Lemmas 8-11 [cf. also [3] 
In the present paper, we discuss an analogue for number fields of the above result. In the remainder of Introduction, let Primes be the set of all prime numbers, □ ∈ {•, • (1) The homomorphism α arises from a homomorphism of fields
(2) The homomorphism α is CPU-preserving [i.e., there exists a map ϕ :
, where we 
The homomorphism α is PU-preserving [i.e., there exists a map ϕ :
, where we write
, and, moreover, the restriction
By concentrating on surjections, we obtain the following result [cf. Corollary 3.2].
THEOREM B.
-Suppose that the homomorphism α is surjective. Then it holds that either α or the composite 
, where we write 
holds for infinitely many • p ∈ • V, and, moreover, the inclusion
holds for all but finitely many 
holds for all but finitely many • p ∈ • V, and, moreover, there exist a maximal ideal
PU-preserving Homomorphisms
In the present §1, we define and discuss the notion of a 
Moreover, we have a natural exact sequence of abelian groups 
, where we
does not hold, then we shall say that
(ii) We shall say that the homomorphism α is CPU-preserving [i.e., "characteristic-
-In the notation of Definition 1.3, one verifies easily that if α is ϕ-PUpreserving, and the equality c(
for the homomorphism between the multiplicative groups induced by ι and V ι :
holds. In particular, the homomorphism ι × is V ι -SPU-preserving and CPU-preserving
Proof. -This follows immediately from the various definitions involved. □
of sets, and
Then the following hold:
(i) Suppose that α is ϕ-PU-preserving, and that
(ii) Suppose that α is ϕ-SPU-preserving, and that 
. Next, we verify assertion (ii). The assertion that the two displayed homomorphisms of (i) are isomorphisms follows immediately from the various definitions involved, together with the [easily verified] fact that every surjective endomorphism of Z is an isomorphism. The assertion that the surjection α is CPU-preserving follows immediately from Remark 1.3.1, together with the 
Proof. -This follows immediately from the various definitions involved. □ REMARK 
(ii) Moreover, in general, the product of CPU-preserving [cf. Definition 1.3, (ii)] homomorphisms is not CPU-preserving. Indeed, suppose that k is Galois over Q. Then it follows from Lemma 1.4 that the automorphism g 
Thus, it follows immediately from Proposition 2.4, (i), below that we obtain a contradiction.
• V → • V be a map of sets. Then we shall write
for the [abelian] group consisting of homomorphisms of groups
map of sets. Then the homomorphism of groups
In particular, we obtain a homomorphism of groups
Field-theoreticity for Certain PU-preserving Homomorphisms
In the present §2, we prove the field-theoreticity for certain PU-preserving homomorphisms [cf. Theorem 2.5 below]. We maintain the notation of preceding §1. Let us first observe that since y ̸ ∈ {1, −1}, it is immediate that, to verify Lemma 2.2, by replacing y by y −1 if necessary, we may assume without loss of generality that the absolute value |y| of y is greater than one. Write (x 1 , x 2 ), (y 1 , y 2 ) for the [uniquely determined] pairs of nonzero rational integers such that
. Now if a n = 0 for some n, then Lemma 2.2 is immediate. Thus, we may assume without loss of generality that a n ̸ = 0 for every n. Next, let us observe that one verifies easily that S x,⟨y⟩ coincides with the set of prime numbers p ∈ Primes such that x, y ∈ Ker(ord p ) but a n ̸ ∈ Ker(ord p ) for some n. To verify Lemma 2.2, assume that S x,⟨y⟩ is finite. Write
[Thus, one verifies easily that, for every p ∈ S x,⟨y⟩ and z ∈ Q × , if z ∈ Ker(ord p ), then z n 0 ≡ 1 (mod p ordp(a 0 )+1 ).] Now I claim that the following assertion holds: Claim 2.2.A: For each nonnegative integer n and p ∈ S x,⟨y⟩ , it holds that ord p (a n 0 ·n ) ≤ ord p (a 0 ).
Indeed, let us first observe that since y ∈ Ker(ord p ), it holds that y 1 , y 2 ∈ Ker(ord p ), which thus implies that y
the discussion at the final portion of the preceding paragraph]. Thus, we conclude that a n 0 ·n − a 0 = x 1 · (y
, ord p (a 0 ) < ord p (a n 0 ·n − a 0 ). In particular, it holds that ord p (a n 0 ·n ) ≤ ord p (a 0 ), as desired. This completes the proof of Claim 2.2.A.
Next, let us observe that one verifies immediately from Claim 2.2.A that |a n 0 ·n | ≤ |a 0 | for every nonnegative integer n. Thus, since |y| n − |x| ≤ |x − y n | = |a n |/|x 2 · y n 2 | ≤ |a n |, and 1 < |y|, we obtain a contradiction. This completes the proof of Lemma 2.2. □ REMARK 2.2.1. -If, in the situation of Lemma 2.2, one omits our assumption that "y ̸ = {1, −1}", then the conclusion no longer hold. More precisely, for x ∈ Q × and y ∈ {1, −1}, it holds that the set "S x,⟨y⟩ " discussed in Lemma 2.2 is infinite if and only if (x, y) ∈ { (1, 1), (1, −1), (−1, −1) }. Indeed, the sufficiency is immediate. To verify the necessity, let us observe that since 1 2 = (−1) 2 = 1, it holds that x 2 ≡ 1 (mod p) for every p ∈ S x,⟨y⟩ . Thus, since S x,⟨y⟩ is infinite, we conclude that x 2 = 1. In particular, since [one verifies easily that] the set "S x,⟨y⟩ " that occurs in the case where we take the "(x, y)" to be (−1, 1) coincides with {2} [hence finite], the necessity under consideration follows.
Then it holds that x ∈ Q × if and only if x
c(p)−1 ∈ 1 + po p for all but finitely many p ∈ V.
Proof. -Let us first observe that one verifies easily that the condition that x c(p)−1 ∈ 1 + po p implies the condition that x ∈ Ker(ord p ). Thus, one verifies immediately that the condition that x c(p)−1 ∈ 1 + po p is equivalent to the condition that x ∈ Ker(ord p ), and, moreover, the image of x ∈ Ker(ord p ) in Ker( 
Then the homomorphism of groups
of Lemma 1.8 is injective.
(ii) Suppose, moreover, that the image of the composite
induced by the natural inclusion
(iii) The homomorphism of groups
Proof. -First, we verify assertion (i). Let α : 
Thus, by allowing • p to vary, it follows immediately from Lemma 2.1 that α(x) = 1. This completes the proof of assertion (i).
Next, we verify assertion (ii). Let us first observe that it follows from assertion (i) that, to verify assertion (ii), by replacing
• k by • Q, we may assume without loss of generality that
. Then let us observe that it follows immediately from Lemma 2.2, together with our assumption that the image of ϕ :
• x, y ∈ Ker(ord• p ), and
Let
• p ∈ T be an element of T . Then it follows immediately from the definition of T that there exists an integer n such that
This completes the proof of assertion (ii).
Finally, we verify assertion (iii). The injectivity of the homomorphism under consideration follows immediately from the injectivity of the natural inclusion
Next, to verify the surjectivity of the homomorphism under consideration, let us take a c-PUpreserving homomorphism α :
Then it follows immediately from Lemma 2.3 that α factors through the subgroup
On the other hand, since α is c-PU-preserving, one verifies immediately from Lemma 1.4 that this homomorphism
This completes the proof of assertion (iii). □ REMARK 2.4.1. -If, in the situation of Proposition 2.4, (ii), one replaces our assumption that "
• J is infinite" by the assumption that "
• J is nontrivial", then the conclusion no longer hold. Indeed, one verifies easily that the distinct two endomorphisms of (1) The homomorphism α arises from a homomorphism of fields
, and, moreover, there exists an
The homomorphism α is PU-preserving [cf. Definition 1.3, (i)], and, moreover, the restriction
Proof. -The implication (1) ⇒ (2) follows immediately from Lemma 1.4, together with the various definitions involved. Next, we verify the implication (2) ⇒ (3). Suppose that condition (2) is satisfied. Let us first observe that it follows from Lemma 1.8 that, to verify the implication under consideration, by replacing • k by • Q, we may assume without loss of generality that
• k = • Q. Next, let us observe that it follows from Proposition 2.4, (iii), that, to verify the implication under consideration, by replacing
, the implication under consideration follows immediately from Proposition 2.4, (ii). This completes the proof of the implication (2) ⇒ (3).
Finally, we verify the implication (3) ⇒ (1). Suppose that condition (3) is satisfied. Let ϕ :
• V →
• V be such that α is ϕ-PU-preserving. Now let us observe that one verifies easily that, to verify the implication (3) ⇒ (1), it suffices to verify that the following assertion holds:
The remainder of the proof of the implication (3) ⇒ (1) is devoted to verifying Claim 2.5.A. Now let us observe that since the restriction α|
. Thus, we may assume without loss of generality that x + y ̸ = 0. Then, to complete the verification of Claim 2.5.A, I claim that the following assertion holds: 
-where we write α p : κ( (2) 
